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ABSTRACT

The rapid increase in the availability of RDC data from multiple alignment media in recent years has
necessitated the development of more sophisticated analyses that extract the RDC data’s full information
content. This article presents an analysis of the distribution of RDCs from two media (2D-RDC data), using
the information obtained from a A-map. This article also introduces an efficient algorithm, which lever-
ages these findings to extract the order tensors for each alignment medium using unassigned RDC data
in the absence of any structural information. The results of applying this 2D-RDC analysis method to syn-
thetic and experimental data are reported in this article. The relative order tensor estimates obtained
from the 2D-RDC analysis are compared to order tensors obtained from the program REDCAT after using
assignment and structural information. The final comparisons indicate that the relative order tensors
estimated from the unassigned 2D-RDC method very closely match the results from methods that require
assignment and structural information. The presented method is successful even in cases with small
datasets. The results of analyzing experimental RDC data for the protein 1P7E are presented to demon-
strate the potential of the presented work in accurately estimating the principal order parameters from
RDC data that incompletely sample the RDC space. In addition to the new algorithm, a discussion of the
uniqueness of the solutions is presented; no more than two clusters of distinct solutions have been
shown to satisfy each i-map.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Recent advances in experimental techniques have made the
acquisition and processing of Residual Dipolar Coupling (RDC) data
significantly easier and more precise. Consequently, the community
of researchers has been motivated to develop the computational and
mathematical methods required to fully exploit this new resource.
Applications of the RDC data include the study of challenging bio-
molecules such as membrane proteins [1-4], carbohydrates [5-7],
and DNA/RNA [8-11] to name a few. Recent advances include struc-
ture determination from multiple alignment media [12-15], recon-
struction of the relative order tensors from unassigned RDC data
[15,16], and identification of homologous structures [17,18] from
unassigned RDC data. These elaborate methods utilize RDC data col-
lected from multiple alignment media, sometimes requiring data
from as many as 5 or more alignment media [13,19-21]. Although
the utility of RDC data from a large number of alignment media
(three or more) is obvious, simultaneous analysis of this pool of
RDC data is convoluted and computationally time consuming. In
addition to the complexity of data analysis, in many cases it is still
not experimentally feasible to find more than two independent
alignment media that work to partially align a given molecule.
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A central problem in utilizing residual dipolar coupling data is
the accurate estimation of the order tensors that dictate the rela-
tionship between the orientation of intramolecular vectors and
the observed residual dipolar coupling values. Presently, the
anisotropy in molecular alignment is calculated either through
the availability of a structure and assigned RDC data [22,23] or
simultaneously as a part of structure determination [12,24-28].
These contemporary methods of order tensor estimation require
resonance assignment, which is costly in both time and money.
Under the significantly cheaper assumption of unassigned reso-
nances and no structure, a number of recent approaches have de-
scribed various methods of estimating order tensors (or relative
order tensors) [13,14,17,18,29,30]. These serve either as the final
point of analysis or as an intermediate step toward a final point
such as structure determination or study of internal dynamics. Col-
lectively, these methods either require RDC data from many align-
ment media (three or more), or they provide only some
components of the anisotropy, such as only the principal order
parameters or orientation of the anisotropy.

This report presents an efficient, automated method of extract-
ing the relative order tensors for a protein without the need for
assignment or structure. The presented work takes advantage of
the previously observed information content of the correlation plot
of RDC data acquired from two alignment media [31]. Unlike the
previously reported work, our approach is capable of simultaneous
estimation of the principal order parameters and orientational
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components of the anisotropy. The success of the presented work is
demonstrated through application to a number of instances of sim-
ulated as well as experimental data. This software package has
been implemented within the Matlab computational environment
and can be obtained from http://ifestos.cse.sc.edu.

2. Background and theory
2.1. Residual dipolar couplings

Residual dipolar couplings arise from the interaction of two
magnetically active nuclei and the magnetic field, By, of an NMR
instrument. A detailed explanation of the quantum-physical theory
of RDCs and experimental techniques for collecting them is beyond
the scope of this paper and only the relevant theory and mathe-
matics is presented here. The curious reader is directed to [32-
34] for a more detailed treatment of the residual dipolar coupling
phenomena.

The residual dipolar coupling between nuclei i and j with spins
¥ is defined in Eq. (1) below:
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Here, u, is the magnetic permeability of free space, h is Planck’s
constant, y; and 7; are the gyromagnetic ratios of nuclei i and j,
respectively, rj is the effective (time averaged) distance between
nuclei i and j, 0; is the angle between the magnetic field and the
vector joining nuclei i and j, and the angle brackets (()) denote time
averaging. Under the condition of isotropic tumbling of the vector
between nuclei i and j, this equation averages to 0 and no RDC is
observed. However, anisotropy can be induced through a variety
of mechanisms [13,34,35].

In common use, the constants in Eq. (1) are usually subsumed
into a single variable, Dp.x, and after algebraic manipulation, this
simplifies to the form in Eq. (2) below:
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where (X, y, z) describe the Cartesian coordinates of the normalized
vector between nuclei i and j; Sxx, Syy» Szz, Sxy» Sxz» Syz Subsume the ef-
fects of the time averaging; and G is the scaled residual dipolar
coupling value. In this formulation, scaled RDC measurements are
used so that dipolar couplings from different types of intramolecu-
lar vectors can be compared and combined during analysis. This
equation can be rewritten as the more convenient matrix product
shown in Eq. (3) below:
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Here, S is the traceless and symmetric Saupe order tensor matrix
(OTM) and v;; is the Cartesian coordinates of the vector joining the
two interacting nuclei. Jacobi transformation [36] can then be used
to decompose Sinto R x ' x RT, where R is an Euler rotation matrix
and §' is a traceless diagonal matrix whose diagonal elements are
referred to as the principal order parameters (POP) of S [22,23].
Eq. (3) can then be rewritten as Eq. (5) below:

Cj = vRSR 0} = (RS (vR)" (5)
Eq. (5) can be conceptualized as transforming the vector v;; from

its representation in the arbitrary molecular frame (MF) into the
principal alignment frame (PAF) of the order tensor. The simpler

Eq. (6) can be obtained as a consequence of this transformation,
where X/, ¥, and z’ are the coordinates of the normalized vector
after being transformed into the PAF and S, S, and S, are the
diagonal elements of S'.

Cij = S;(x 'x/2 + S;/y 'y/2 + S;z '2/2 (6)

The Euler rotation matrix R is also often decomposed into three
atomic rotations about the z, y, and z axes as shown in Eq. (7)
below:

R=R;(0)Ry(B)R-(7) @)

Regardless of the representation or the method of decomposi-
tion, any given order tensor requires five independent variables
for its full description. Typically these five parameters may be
either the 5-tuple (S, Sxy, Sxz, Sy, Syz) OF the 5-tuple (s}, s, o, B,7).
In this report, we will switch between these representations
depending on which of these is most sensible in a given context.

2.2. Relative order tensors

A detailed definition of absolute and relative order tensor matri-
ces has been presented previously [29]. Here we present a brief re-
view of this concept. Analysis of a subject molecule’s RDC data can
provide its alignment anisotropy in the form of a Saupe order tensor
matrix [37], or order tensor matrix for short. Each of these order ten-
sors encapsulates five parameters, three of which describe the orien-
tational components of the anisotropy and two of which report the
strength of alignment. Traditionally, orientational information has
been reported with respect to the molecular frame in which the
atomic coordinates of the subject molecule are described. Analysis
of RDC data acquired from multiple alignment media will then result
in multiple descriptions of the alignments with respect to the molec-
ular frame. Here, we denote this convention of describing the order
tensors as the absolute order tensor matrix (aOTM). With no loss of
generality and no reduction in the dimensionality of the problem,
the order tensor of one of the alignment media (referred to as the an-
chor medium) can be expressed in the form of an aOTM while the ori-
entational component of the anisotropy for all of the remaining
media can be expressed relative to the principal alignment frame
of the anchor medium. This formulation of the order tensor matrices
(illustrated in Fig. 1) is denoted as the relative order tensor matrix in
this article (rOTM). R; and R, in Fig. 1 are rotation matrices relating
the molecular frame to the principal alignment frames of the first
and second alignment media, respectively. R, is a rotation matrix
relating the molecular frame to the principal alignment frame of
the first medium, while Ry, is a rotation matrix relating the principal
alignment frame of the first medium to the principal alignment
frame of the second medium.

2.3. The i-maps and their relationship to the relative order tensor
matrices

When residual dipolar couplings are collected in multiple align-
ment media, the RDC data in each medium that corresponds to the
same interacting vector can be paired using chemical shift data
[18]. As previously observed [14,29,31,38], the information gained
by correlating data from two media is much richer than the data
that can be gleaned from a separate analysis of each single channel
of data. In particular, the scatter plot of RDC data obtained from
two alignment media contains a vast amount of information
regarding both the structure of the subject protein and the anisot-
ropy of its alignment. Throughout this report, we denote these
scatter plots as A-maps (a sample is shown in Fig. 2) due to the
prominent pattern that is present within these plots. The main fo-
cus of this report is to present an efficient and effective method of
analyzing these maps for the extraction of the rOTM information.
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Fig. 2. An example probability density distribution plot for RDC data measured in two alignment media as viewed from two different angles. The x and y axes correspond to
RDCs measured in medium 1 and 2, respectively and the z axis is the likelihood of observing a given pair of RDC data. This plot is referred to as a r-map.

Previously reported methods have demonstrated the successful
estimation of relative order tensor matrices using correlated RDC
data from three or more alignment media [13-15]. While these ap-
proaches provide ample incentives for collection of RDC data from
three or more alignment media, successful alignment of a sample
protein in a large number of independent alignment media may
be a limiting factor in practice. The availability of correlated RDC
data from two alignment media is becoming more common, but
the development of analysis methods for 2D-RDC data is needed.
In developing a method for the estimation of relative order tensors
from unassigned 2D-RDC data (where 2D refers to the number of
alignment media), we first examined the probability density distri-
butions of 2D-RDC data. A sample A-map generated by the method
of kernel density estimation from the RDCs of 100,000 random vec-
tors is shown in Fig. 2. These two images correspond to the same
object viewed from different perspectives. The top-view illustrates
the central A-like pattern more clearly. The important point to note
is that the points tend to be most densely located in the central -
like pattern and on the external hull of the distribution. Our pre-
sented method takes advantage of the relatively high probability
region on the edge of the distribution, which we define as the
external hull (or e-hull) of a /-map. The span of the /-map in both
dimensions is a function of the principal order parameters of each
alignment frame. As previously observed [31], the shape of the e-
hull of the A-map is a function of the Euler angles describing the rel-
ative orientation of the alignment media. Section 3.3 presents an
efficient algorithm which utilizes this information to extract the
relative order tensor matrices that describe the anisotropic align-
ment of the system of interest in two alignment media. Fig. 3 pre-

sents an illustration of various A-maps with fixed principal order
parameters and varying Euler angles for the relative alignment ten-
sor. Note that the range of RDC data in either dimension remains
fixed and only the shape of the e-hull is varied. Exhaustive testing
has shown that each A-map corresponds to at most two relative or-
der tensors (discussed in Section 4.2) which have identical princi-
pal order parameters for each order tensor, differing only in
relative orientations.

2.4. Utility of 1D-powder pattern in estimation of principal order
parameters

The probability density distribution of RDCs for an infinite num-
ber of uniformly distributed unit vectors converges to the powder
pattern [39] shown in Fig. 4. A complete powder pattern can be
used to estimate the two critical principal order parameters of
the order tensor (S'yy and S,,), which correspond to the two extreme
points of this distribution along the horizontal axis. Therefore in
theory, observation of a powder pattern allows for estimation of
the principal order parameters.

This relationship has lead to numerous efforts [30,40] to esti-
mate the values of principal order parameters from a large set of
unassigned RDC data in a single alignment medium. In practice,
however, due to the small size of the molecules amenable for study
by NMR spectroscopy and a non-random distribution of vectors in
space (imposed by the secondary structural elements), the results
are often unreliable. As such, the powder patterns estimated from
unassigned RDC data in a single medium can be quite skewed, as
illustrated in Fig. 5. We utilize this form of generating estimates
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Fig. 3. External hulls for arbitrary relative order tensors of varying relative orientation and principal order parameters for S; of (3E—4, 5E—4, —8E—4) and S, of (-3E—4,
—7E—4, 1E-3) shown in first two rows. External hulls for S; with principal order parameters of (3E—4, 5E—4, —8E—4), S, of varying rhombicity, and Euler angles of (0,0,0)

shown in last row.
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Fig. 4. Sample powder pattern with principal order parameters of S, = 3E—4, S, = 7E—4 and S, = —1E-3. The horizontal axis in this figure represents values of RDC data and
the vertical axis represents the likelihood of observing a given value of RDC.
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Fig. 5. Distribution of simulated RDCs from the same protein (PDB code 1SFO) under different orientations and principal order parameters of Sy, =3E—4, S,, = 7E—4 and

S,.=—1E-3. The RDC data was generated using the program REDCAT.

of the principal order parameters in order to prime our more elab-
orate search of the relative order tensors (discussed in Section 3.3).
Due to the robustness of the approach, during the course of relative
order tensor matrix estimation, any inaccurate estimates of the
principal order parameters are corrected. Section 4.3 provides re-
sults that demonstrate the ability of the 2D-RDC analysis method
to accurately reconstruct principal order parameters despite a
grossly mis-estimated initial guess.

3. Data and methods
3.1. Simulated and experimental data

In order to be able to test the accuracy of our methods, synthetic
data was used so that the ground truth could be known for accu-
rate evaluation of the results. N-H RDCs were calculated using
the REDCAT program [22] for structures 1SFO, 1A4Y and 110M
using the order tensors shown in Table 1. The theoretically gener-
ated data were then corrupted by the addition of £1 Hz uniformly
distributed error. Structures 1SFO (68 residues), 110M (154 resi-
dues), and 1A4Y (460 residues) were chosen because they repre-
sent a range from small to large proteins.

Artificially generated data can be very helpful during the evalu-
ation and development phases of any computational method.
However, the ultimate test of any analytical method should be
its application to experimentally acquired data. Here we have uti-
lized RDC data previously acquired for a 56 residue, immunoglob-
ulin-G binding protein (PDB accession 1P7E), which were obtained
from BMRB [41,42]. The backbone N-H RDC data from two align-
ments (Bicelle and PEG) in addition to the assignment of data
and atomic coordinates were used to obtain the best order tensor
solution using the program REDCAT [22]. During this process the
molecular orientation was adjusted such that the molecular frame
and the principal alignment frame of the anchor medium (Bicelle)
coincided. The resulting best order tensors are listed in Table 2 for
each of the two alignment media. Because of the missing data, only

Table 1

The five elements needed to construct the order tensors used for simulating data.
Sxx Sxy Sxz Syy SJ’Z

S1 3.000E—-04 0.000E+00 0.000E+00 5.000E—04 0.000E+00

Sa 1.066E—04 2.367E-04 3.603E-04 —1.464E—-04 4.323E-04

Table 2
The five elements of the relative order tensors for the protein 1P7E obtained from
REDCAT.

Sxx Sxy Sxz Syy Syz

Si 4.383E-04 0.00 0.00 8.846E—04 0.00
M 1.104E-04 7.635E-05 3.586E-04 4.514E-04 —7.002E-05

the vectors with data present in both alignment media were used
(a total of 40 vectors). Order tensor matrices shown in Tables 1 and
2 have been used in Sections 4.1 and 4.3 to evaluate the success of
our presented 2D-RDC analysis method.

3.2. Order tensor matrix distance metric

It is beneficial to develop a meaningful metric for quantifying
the similarity between two given order tensor matrices. Develop-
ment of such a metric becomes even more important within the
context of the presented work in order to report the efficacy of
our order tensor matrix estimation technique. A desirable metric
should report the root-mean-square-deviation between the RDC
data calculated from the two order tensors over all possible vec-
tors. This metric can be formulated as shown in Eq. (8). This formu-
lation reports the square root of the integral of the squared
difference in RDC values over the surface of the unit sphere, nor-
malized by the surface area of the unit sphere. The entity v in Eq.
(8) denotes any vector on the unit sphere and can be formulated
as shown in Eq. (9).

M(S1,S2)

1 .
_ \/4—. / / [(Dwax (0, 9)- (51~ 2)- 07(0,9)sino] 00 -0,
T Jo<o<n Jo<p<an

(8)

[cosOcosp cosOsing sind] (9)

v(0,9) =
Eq. (8) simplifies to the elegant closed-form shown in Eq. (10) be-
low, where d;; denotes the ijth element of the differential order ten-
sor matrix D as defined in Eq. (11) below.

4
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Although not proven here, this defines a metric space on the set
of all order tensor matrices, so reflexivity, symmetry and the trian-
gle inequality all hold. It is also important to note that Eq. (10)
strongly resembles a previously reported GDO measurement
[34,43].

In order to demonstrate the sensitivity of this distance metric,
synthetic RDC data with no error were generated for the protein
1SFO in the program REDCAT [22] using an order tensor with prin-
cipal order parameters (3E—4, 5E-4, —8E—4) and Euler angles
(0,0,0). REDCAT was then used to generate a set of 10,000 order
tensor estimates for data within +1 Hz error of the synthetically
generated data. Next, REDCAT was used to synthetically generate
a second set of data with 0 Hz error for a slightly different order
tensor matrix with the same principal order parameters and Euler
angles of (5,5,10). Once again, 10,000 order tensors within +1 Hz of
the data were generated. Solutions are presented in the form of a
Sauson-Flamsteed projection that plots the points at which axes
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of principal alignment frames of various solutions pierce the sur-
face of a globe. The SF-plot of these two order tensor solution sets
are shown in Fig. 6. Note that the two solution sets are quite close
to one another. The distance between each order tensor in each of
these two datasets and the original order tensor was calculated
using Eq. (8) above. The distribution of these distances is shown
in Fig. 7. Notice that despite the similarity of the two clusters of or-
der tensors, the proposed distance metric is able to sharply dis-
criminate between the two solution sets.

Another way to conceptualize this distance metric is to note
that D, the difference between S; and S, is symmetric and traceless
and, therefore, also an order tensor matrix. M, therefore, is the
square root of the expected value of the square of the RDCs mea-
sured in an alignment medium described by D. Since the expected
value of the RDCs measured in any alignment medium is O (for an
infinite number of vectors), M is equal to the standard deviation of
the RDCs measured in an alignment medium described by D. From
this point of view, the distance metric, M, is equal to the General-
ized Degree of Order of D divided by the square root of five as de-
fined in [43].

Considering D as an order tensor has additional advantages. If
instead of being interested in the average error for a given estimate
of an order tensor, one were interested in the distribution of errors,
decomposing D into a rotation matrix and a principal order param-

Skr2 +
Syy2 X

Fig. 6. SF-plot for the order tensor solution sets for the original order tensor and the
perturbed order tensor.

‘— Criginal OTM e Perturbed OTM

Hz

Fig. 7. Distribution of distances between the original order tensor and the solution
sets generated in REDCAT for the original and perturbed order tensor matrices.

eter matrix and plotting the corresponding powder pattern would
provide those elements. Fig. 8 illustrates the powder pattern for
the difference between the order tensor for the second alignment
medium and its estimate from Section 4.1 for protein 110M. Notice
that because the estimate was quite close and because the simu-
lated noise was chosen from a distribution with mean zero, the
powder pattern of the difference tensor, D, exhibits a rhombicity
value of nearly 0.

3.3. Estimation of the relative order tensor matrices from J-maps

The A-map is parametrized by seven of the 10 variables needed
for a full description of two order tensors. These seven parameters
consist of three rotational parameters that relate the two principal
alignment frames and four parameters that report the principal or-
der parameters for each of the alignment media. The presented
method of 2D order tensor estimation proceeds by a search over
all seven parameters that results in the best match between the
computed e-hull for those parameters and the e-hull obtained from
the experimental data. The search procedure utilizes a minimiza-
tion method based on the Levenberg-Marquardt Algorithm [44-
46] available with the Matlab optimization toolbox to converge
to a solution for the seven variables describing a relative order ten-
sor. Several initial estimates are used to seed the search and at the
end the algorithm analyzes the resulting set of solutions to deter-
mine the optimal solution. The success of any optimization tech-
nique rests primarily on the careful selection of an objective
function. In this case, one wishes to minimize the distance between
the external hull of the experimental data and the external hull
predicted by a given relative order tensor. In particular, we wish
to find the relative order tensors that minimize the sum of the
squared distance between each point on the external hull of the
experimental data and the external hull of the A-map. In order to
do this, first several points on the external hull of the A-map have
to be identified. This set of points can then be treated as a polygon,
and for each point on the external hull of the experimental data,
the square of the minimum distance between it and the boundary
of the polygon describing the exterior of the A-map is found. The
square root of the sum of these squared distances is then reported
as the objective function value to be minimized.

The simplest method to generate a theoretical e-hull is to utilize
the computed RDCs for a large number of random vectors
(100,000) using the two order tensors. This large 2D-RDC data
set can then be used as an approximation to the external hull of
the A-map. Although simple, this method for computing the exter-
nal hull of a A-map is computationally undesirable because only a
small subset of the computed RDCs contribute to the definition of
the e-hull. The time spent computing RDC values for the remaining
vectors is lost. Alternately, we have developed a procedure that
isolates the points on the e-hull of the A-map precisely using the
parameterization shown below. For each point on the external hull
of the A-map, let the parameter 0 in Eq. (12) be the angle between
the x-axis and the tangent to the external hull of the A-map at that
point. An artificial order tensor S, is then calculated from S; and
S, according to Eq. (12).

-2 -1 0 1 2
Hz

Fig. 8. Powder pattern for the difference tensor which represents the distribution of
errors in RDC values predicted by the estimated order tensor.
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Snew = S1 # sin(0) + S, * cos(0) (12)

The eigenvectors of S, are then calculated, and the eigenvec-
tor that corresponds to the smallest eigenvalue is then used to gen-
erate two values of RDCs using S; and S,. This 2D-RDC point is
guaranteed to be located on the e-hull of the corresponding A-
map defined by order tensors S; and S,. If the parameter 0 is al-
lowed to vary between 0 and 2m, then all points on the external
hull will have been sampled. A full mathematical support for this
parametrization is beyond the scope of this article and will be pre-
sented in detail at a later time. However, the important point to
note is that the number of computed RDCs reduces by approxi-
mately two orders of magnitude from 100,000 to 1000.

Whenever one employs optimization techniques, it is wise to
use multiple initialization seeds in order to reduce the algorithm’s
susceptibility to entrapment in local minima. Since an initial esti-
mate of the principal order parameters of the two order tensors
can be determined by using 1D-RDC estimation techniques, our
program was designed only to accept seeds for the three Euler an-
gles dictating the relative orientation of the two alignment media.
Although the starting seeds for the Euler angles can be dictated by
the user, by default we utilize eight seeds where each of the «,
and 7y angles are set to either ©t/4 or 3m/4. The optimized solutions
obtained from each seed are evaluated and the solutions with the
lowest final objective function values are clustered. During a signif-
icant portion of our trials, two distinct solution sets have been ob-
served that satisfy the objective function equally well. This
degeneracy in the solution space is discussed in the next section.

3.4. Degeneracy of relative order tensor representations

There are an infinite number of relative order tensors that de-
scribe the anisotropy of the molecular alignment for any pair of
aligning media. Any viable pair of order tensors S; and S, can be
transformed to produce an identical A-map through any arbitrary
rotation applied to both S; and S,. The main source of this infinite
degeneracy is the absence of a molecular frame as a point of refer-
ence for description of the anchor alignment frame; it is meaning-
less to speak of a predefined molecular frame in the absence of a
structure. Since selection of the molecular frame is arbitrary and
independent of the orientation of each order tensor, we adopt
the convention that, without any loss of generality, the molecular
frame is coincident with the principal alignment frame of the an-
chor medium. In addition, the principal axes of the alignment are
labeled according to the convention where | Sy, |<| Sy, |<| Sz, |
[34]. Imposition of the above set of rules reduces the total number
of solutions from an infinite to a finite set; this set, however, is not
unique. While a rotation of the anchor system by 180° about the x,
y or z axes will have no effect on the anchor order tensor, it will al-
ter the value of S, as illustrated in Egs. (13)-(15) below.

1 0 07[S« Sy S«][1 0 0
Ry(m)SRI(m)= 10 -1 0 ||Sy Sy S||0 -1 0

0 0 -1][Se S. S-Jl0 0 -1
S —Sy Sk
= {—Sxy Sy Sn (13)
~Se S Sa
-1 0 07[S«w Sy S][-1 0 0
R,(m)SR; (1) = [ 0 1 0/|Sy Sy S-||0 1 0
0 0 —1][Se S, S-JL 0 0 -1
S —Sv Sk
= {Sxy Sy —Sne (14)
S —Sy  Sa

~1 0 0[S« Sy Se][-1 0 ©
R(MSRI(m) =| 0 -1 0[Sy Sy Se|| 0 -1 0
0 0 1/[Se Sz Sz|/|0 0 1

Sxx Sxy *sz
=1 Sy Sy =S (15)
_S)a _Syz Szz

Therefore, any set of viable solutions S; and S, can be used to
produce three additional sets of solutions through a simple rota-
tion of 180° about the x, y and z axes of the anchor frame. The pri-
mary source of this ambiguity is the absence of any structure. Any
altered set of S, S"2 (where i indicates the axis about which rotation
of 180° was performed) can produce the same indistinguishable e-
hull by performing the same rotational operation to the set of vec-
tors in space. This rotational ambiguity can be resolved by estab-
lishing the convention of changing the sign of S;Z to the product
of the signs of S, S2, and S}, and changing S;, and S, to their abso-
lute values. This has the same net effect as applying these 180°
rotations until Sﬁy and S2, of the second alignment medium are both
positive.

Here we define two canonical order tensors as a set of relative
order tensors after conformation to the following set of
conventions:

1. The alignment tensor of the anchor medium is diagonalized.

2. Labeling of the alignment axes adhere to the previously defined
convention of | Sy, |<| Sy, I<| Sz, |-

3. Signs of the S, and S, terms are positive.

By establishing a canonical orientation of the molecular frame,
each 2D-RDC system is ensured to be defined by a unique relative
order tensor. After establishing the above set of conventions, we
have observed the existence of two sets of different relative order
tensors that produce indistinguishable A-maps (to within the
numerical precision of the algorithm). This phenomenon has not
been previously reported and here we present evidence of their
existence. Our algorithm has been modified to report both sets of
solutions when present.

4. Results
4.1. Results of synthetic data

The results of 2D relative order tensor estimation in application
to the synthetic data generated for structures 1SFO, 110M and
1A4Y are shown in Table 3. For each protein (1SFO, 110M, 1A4Y),
a relative order tensor was estimated between media 1 and 2 with
medium 1 treated as the anchor medium. The first entry in Table 3
lists the order tensors used for calculating the synthetic data. Fig. 9
displays these results visually by superimposing the e-hull corre-
sponding to the actual order tensors in red, with the e-hull corre-
sponding to the A-map of the estimated order tensors in blue.
The actual RDC data points calculated for each protein are dis-
played in green. Table 4 provides the M-scores calculated between
the true order tensors and each corresponding estimated order
tensor. Finally, Fig. 10 provides SF-plots of the true and estimated
relative order tensors of the second alignment medium. These SF-
plots are intended to serve as the means of developing a better
sense of the sensitivity of the M-score.

As anticipated, the estimates of the relative order tensors im-
prove as a function of protein size. A larger protein will sample
the RDC space more uniformly and provide a much better estimate
of the actual A-map and consequently the e-hull. It is therefore
important to establish the efficacy of the methods to simple struc-
tural motifs that commonly appear in small membrane proteins.
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Table 3

Order tensor estimation results for 1SFO. The first two rows display the results of 2D
estimation using media 1 and 2. The last two rows display the results of 2D
estimation using media 1 and 3.

Protein Medium Sy, Sxy Sz Syy Syz

name number

Theoretical S, 3.000E-04 0.000E+00 0.000E+00 5.000E—04 0.000E+00
S> 1.066E—04 2.367E—04 3.603E-04 —1.464E—-04 4.323E-04

1SFO S 3.273E-04 0.000E+00 0.000E+00 5.324E-04 0.000E+00
S> 9.407E-05 3.248E-04 3.407E-04 —1.497E-04 4.588E-04

110M S 2.734E—04 0.000E+00 0.000E+00 5.206E—04 0.000E+00
Sz 1.674E—04 2.301E-04 3.427E-04 —1.664E—-04 3.946E-04

1A4Y S 2.907E-04 0.000E+00 0.000E+00 5.251E—04 0.000E+00
S> 1.156E—-04 2.433E—-04 3.246E—-04 —1.490E-04 4.696E—04

Namely, structures that consist of two helical segments perpendic-
ularly oriented with respect to each other. In addition, we have ta-
ken this opportunity to establish the robustness of our method to
varying levels of noise. We have utilized the structure of FXYD pro-
tein [3] (structure shown in Fig. 11) for this investigation and gen-
erated RDC data using the two order tensors defined in Section 3.1
with +1, +2 and 3 Hz of error. An SF-plot illustrating results of the
2D-RDC method are shown in Fig. 12. The axes of the principal
alignment frame of S, are shown as large circles, and the location
of the axes for each of these trials is plotted. As expected, although
increased noise made the estimates worse, they were all tolerably
close to the actual order tensor.

In general, the results of the 2D-RDC based estimation of the
relative tensors are nearly as accurate as order tensors obtained
from REDCAT using structural information and assigned RDCs. An
important feature of these results is the difference in quality be-
tween the estimate for the first order tensor and the second. This
observation is a manifestation of the problem formulation. More
specifically, S; estimation is a function of only two variables (prin-
cipal order parameters of the anchor alignment medium) in com-
parison to the five parameters that describe S,. Consequently,
any residual orientational errors originating from S; are forcibly
absorbed by S,.

4.2. Degeneracy of relative order tensor solutions from A-maps

Degeneracies of relative order tensor estimates related to sym-
metrical attributes of the RDC equations have been previously re-
ported [31,38]. In Section 3.4, we introduced a number of
conventions that collect and represent rotationally related sets of
relative order tensors with a unique representative called the
canonical relative order tensor. Furthermore, we have established
that each relative order tensor that is represented by the same

1SF0

Table 4
Root mean squared difference in units of Hertz between the estimated and actual
order tensor matrices for media 1 and 2 as defined in Section 3.1.

1SFO 110M 1A4Y
M 0.6510 0.3043 0.2761
S, 1.1960 0.8336 0.6633

canonical relative order tensor has the same A-map. However, we
have not established that each Z-map corresponds to precisely
one canonical relative order tensor. Observation has shown that
for a given i-map, there can be up to two canonical relative order
tensor matrices that generate identical distributions. Reformula-
tion of this problem as a constrained optimization problem and
utilizing Lagrange multipliers can provide a rigorous mathematical
approach to investigate this claim. Such a mathematical approach
will be presented at some later time since it falls outside the scope
of this report. In the meanwhile, we confirm this observation
through an exhaustive search over all possible alpha, beta and
gamma to ensure that there are indeed only two canonical relative
order tensor estimates corresponding to a given /i-map.

In this section only, we limit our work to ideal data with com-
plete absence of noise in order to eliminate noise as the culprit for
the observed ambiguity. Furthermore, our 2D-RDC method was
modified to be seeded from an exhaustive set of Euler angles in or-
der to eliminate entrapment in a local minimum. RDC data were
generated with the order tensors shown in Table 1. Fig. 13 illus-
trates the theoretical A-map (the e-hull illustrated in red) corre-
sponding to those order tensors. 2D-RDC analysis produced
canonical relative order tensors for each starting seed, which were
then clustered and averaged. Cluster analysis showed two distinct
solution sets whose canonical relative order tensors are shown in
Table 5. These two clusters exhibited M-scores on the order of
1073 Hz with respect to the average order tensor computed for
each cluster. In addition, the two sets of solutions exhibited M-
scores on the order of 1072 and 4 Hz with respect to the true solu-
tion, respectively. Fig. 13 Provides an illustration of the external
hulls corresponding to the average relative order tensor from each
solution cluster. Note that these two external hulls are perfectly
superimposed such that the external hull corresponding to solu-
tion 1 (in blue) is fully covered by the external hull of solution 2
(in green).

4.3. Results of experimental data
Experimental data provides unique challenges that are not nor-
mally present with simulated data. These include the true proper-

ties of random noise and, more importantly, the nature of missing
data. Therefore as a final test of our method, we have used RDC

110M

S, 8

Fig. 9. For each relative order tensor estimate, the convex hull corresponding to the estimate is shown in blue, the convex hull corresponding to the true order tensors is
shown in red, and the 2D-RDC points are shown in green. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

paper.)
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Fig. 10. SF-plots of the true and estimated relative order tensors for the second alignment medium.

Fig. 11. A ribbon illustration of the FXYD structure (PDB code 2]J01).
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Fig. 12. SF-plot illustrating the orientational components of the estimates of S, for
protein FXYD with +1 Hz, +2 Hz and +3 Hz simulated error. The circles represent the
location of the axes of the actual PAF, and the outlier from each cluster corresponds
to the estimation from the data with 3 Hz error.

data from protein 1P7E, the immunoglobulin-G binding domain of
Protein G (GB3) [47] obtained from BMRB. This data is representa-
tive of the practical conditions of noisy data as well as an extreme
case of missing data. Here only 40 RDC values were available for a
56 residue protein (~70% available data). The powder pattern
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Fig. 13. Three external hulls corresponding to the actual rOTM (red) and the two
degenerate solutions. Note that the e-hull corresponding to the first solution (in
blue) does is not visible because it is identical to the second solution (in green). (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this paper.)

based on the order parameters obtained from REDCAT using the
structure and assignment of data is shown in Fig. 14 in green.
The red powder pattern corresponds to the powder pattern with
order parameters estimated from the extreme points of the exper-
imental data. The powder pattern shown in blue is based on order
parameters estimated from the 2D-RDC method. It is clear that the
experimental data provides a limited sampling of the RDC space.
Fig. 15 shows the results of the fitting of a A-map hull to the e-hull
of the data set. Despite the fact that much of the 2D-RDC distribu-
tion was not sampled by this small, well-ordered molecule, the or-
der tensor estimates recorded in Table 6 and displayed in Fig. 16
are quite close to the estimates produced by REDCAT using the pro-
tein structure and assigned RDC data. Using the M-score distance
metric from Section 3.2, these estimates were within 1.773 Hz
RMSD for M1 and 1.713 Hz RMSD for M2.

5. Conclusion and discussion

Estimation of relative order tensors does suffer from degeneracy
in the number of possible solutions. Any given e-hull corresponds
to an infinite number of order tensor pairs, which can be reduced
to up to eight solutions by using the conventions presented in Sec-
tion 3.4. These eight possible solutions can further be clustered
into sets of four solutions that are related to each other through
a 180° rotation about the axes of the anchor alignhment medium
as discussed in Section 3.4. Our proposed convention further
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Table 5
The two order tensor solutions corresponding to the A-map corresponding to a given theoretical order tensor.
Medium number Sxx Sxy Sxz Syy Syz
Theoretical S1 3.000E—-04 0.000E+00 0.000E+00 5.000E—-04 0.000E+00
S» —2.974E-05 4.083E-04 6.273E-04 —6.068E—-05 4.398E-04
Solution 1 S 3.052E-04 0.000E+00 0.000E+00 4.873E-04 0.000E+00
Sy —2.44E-005 4.10E-004 6.25E—-004 —5.99E-005 4.37E—-004
Solution 2 M 3.052E-04 0.000E+00 0.000E+00 4.873E-04 0.000E+00
S, —2.44E-005 3.80E-004 4.98E—-004 —5.99E-005 5.97E-004
a o1 b oa1e
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Fig. 14. Comparison of powder patterns obtained by using principal order parameters estimated by REDCAT (green), 2D-RDC (blue) and the extrema points of the
experimental data (red) from Bicelle and PEG alignment media illustrated in panels (a) and (b), respectively. (For interpretation of the references to color in this figure legend,

the reader is referred to the web version of this paper.)

Fig. 15. Comparison of REDCAT order tensor estimate (in red) with 2D RDC order
tensor estimate from A-map fitting (in blue) of the 2D-RDC data (in green). (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this paper.)

Table 6

The five principal elements of the relative order tensors estimated for 1P7E by the
method of A-map analysis.

Sxx Sxy Sxz Syy Syz
M 5.690E—-04 0.00 0.00 9.036E—-04 0.00
S, 1.567E—-04 5.224E-05 3.053E-04 4.456E—-04 4.493E-05
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Fig. 16. SF-plot of the orientational component of the anisotropy for the second
alignment medium (PEG) of 1P7E. S;; and E; indicate the principal axes of alignment
reported by REDCAT and the 2D-RDC analysis, respectively.

reduces each of these sets of four solutions into one canonical form
which results in up to two possible rOTM solutions for each A-map.
The proposed convention of reducing a set of related rOTMs into
only one may at first appear artificial and requires further explana-
tion. In practice, selection of any of the four degenerate solutions is
inconsequential because of the absence of a molecular structure.
For example, any of the four degenerate solutions could be used
for structure determination of an unknown protein with the final
results differing only by a 180° rotation of the molecular frames.
Selecting any member of the second cluster of solutions would,
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however, yield different structures. It is therefore advisable for the
users to utilize both order tensors in their work and observe the ef-
fects. It is very likely that depending on the application, only one of
the relative order tensors will produce an acceptable result. The fi-
nal point to note is that in some instances a second cluster of solu-
tions does not exist. The exact relationship and the nature of these
two solutions is not currently known. However, both order param-
eters and orientational components of anisotropy play a role in
their existence.

Aside from the clear information content of A-maps, the pre-
sented estimation of an rOTM exhibits distinct advantages over
the previously presented method. The previous method suffers
from reliance on accurate estimates of the D, and D, components
of anisotropy; these entities are likely to be poorly estimated from
simply observing the minimum and maximum values of the RDC
data. Furthermore, the presented method is a far more efficient ap-
proach than the previously presented exhaustive approach of
exploring all possible orientations through a grid search. Our
implementation further optimizes the computation time by elimi-
nating the need for the numerical calculation of RDC data for a
large number of vectors (100,000). The new approach presented
in this article limits calculation of the RDC data to a much smaller
subset of vectors (1000) corresponding to points along the e-hull of
the A-map. This more efficient approach alone has a significant im-
pact on the execution time of our presented method.

Early estimation of the rOTM from unassigned RDC data in the
absence of a structure can be of great benefit in a number of
endeavors. The presented method of accurately estimating the
rOTM can provide far more information, with significantly higher
reliability and fault tolerance, than two independent analyses of
1D-RDC data sets using powder patterns. Estimation of relative or-
der tensors can potentially lead to more straightforward and effec-
tive structure determination of macromolecules while reducing
the amount of data required. Estimation of the rOTM from two sep-
arate domains of a system of molecules can provide an assessment
of relative internal motion in the complete absence of any struc-
tural information. Estimation of the rOTM with the scattering pat-
tern of RDC data points within a A-map can be envisioned to lead to
reliable methods of identifying structural homologues from a li-
brary of structures or validation of a computed structure without
the need for the costly step of data assignment. Finally, rOTM esti-
mation bridges the gap for gradual extraction of information in
transition from 1D to higher dimensional data (such as RDC data
from three or more alignment media), which have been the subject
of recent developments [13-15].
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